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Abstract 

In this paper we shall present a geometrization of time-dependent La- 
grangians. The reader is invited to compare this geometrization with that 
contained in the book of Miron and Anastasiei Jll]]. In order to develope the 
subsequent Relativistic Rheonomic Lagrange Geometry, Section 1 describes the 
main geometrical aspects of the 1-jet space J^(R, M), in the sense of d-tensors, 
d-connections, d-torsions and d-curvatures. Section 2 introduces the notion 
of Relativistic Rheonomic Lagrange Space, which naturally generalizes that of 
Classical Rheonomic Lagrange Space (ill , and constructs its canonical nonlin- 
ear connection F as well as its Cartan canonical F-linear connection. We point 
out that our geometry gives a model for both gravitational and electromag- 
netic field. From this point of view, Section 4 presents the Maxwell equations 
of the relativistic rheonomic Lagrangian electromagnetism. Section 5 describes 
the Einstein's gravitational field equations of a relativistic rheonomic Lagrange 
space. 
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1 The geometry of J l (R, M) 

1.1 Some physical aspects 

Let us consider the usual time axis represented by the set of real numbers R and a 
real, smooth and n-dimensional manifold M that we regard like a "spatial" manifold 
[ fl6| . We suppose that the temporal manifold R is coordinated by t while the spatial 
manifold M is coordinated by {x l ) i= Y~^- Note that, throughout this paper, the latin 
letters i, j,k . . . run from 1 to n. 

Let J l {R, M) = RxTM be the usual 1-jet vector bundle, coordinated by (t, x l ,y l ), 
and regarded over the product manifold base R x M . From physical point of view, 
the fibre bundle 

(1.1.1) J x (i?,M) -> R x M, (t.xSy*) -v (t,x% 

is regarded like a bundle of configurations, in mechanics terms. The gauge group of 
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this bundle of configurations is 



(1.1.2) 



t = t(t) 
x 1 = x 1 ^) 
_,• dx l dt , 



We remark that the form of this gauge group stands out by the relativistic character 
of the time t. For that reason, we consider that the jet vector bundle of order one 
J 1 (i?, M) is a natural house of the relativistic rheonomic Lagrangian mechanics. 

It is important to note that, in the classical rheonomic Lagrangian mechanics ty), 
the bundle of configuration is the fibre bundle 

(1.1.3) n : R X TM — > M, (t,x l ,y l ) -> (x l ), 

whose geometrical invariance group is 



(1.1.4) 



t -- 



t 



x\x j ) 
dx 1 , 



dxi 



V 



The structure of the gauge group |l.l.4| emphasizes the absolute character of the time 
t from the classical rheonomic Lagrangian mechanics. At the same time, we point out 
that the gauge group |l.l.4| is a subgroup of 1.1.2 . In other words, the gauge group of 



the jet bundle of order one from the relativistic rheonomic Lagrangian mechanics is 
more general than that used in the classical rheonomic Lagrangian mechanics, which 
ignores the temporal reparametrizations. 

Finally, we point out that a deeply exposition of the physical aspects of the classical 
rheonomic Lagrange geometry is done by Ikeda in || and [03. At the same time, we 
invite the reader to compare the classical rheonomic Lagrangian mechanics |l0| with 
that relativistic, whose geometrical background is developed in this paper. 



1.2 Time-dependent sprays. Harmonic curves 

Let us consider that the temporal manifold R is endowed with a semi-Riemannian 
metric h — (hu(t)). In order to develope the geometrical background of the relativis- 
tic rheonomic mechanics on the 1-jet fibre bundle E = J 1 (i?, M), we will introduce a 
collection of important geometrical concepts. An important geometrical concept on 
J (R,M) is that of time-dependent spray, which naturally generalizes the notion of 
time-dependent spray on R x M, used in Jll[] and E^|. In order to introduce this 
concept, let us consider the following notions: 

Definition 1.2.1 A global tensor H (resp. G) on E, locally expressed by 
(1.2.1) H = dt®l-2H$ 1 dt®£ } , 



respectively 



(1.2.2) G = 2M ^__2G^®_ 
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is called a temporal (resp. spatial) spray on E. 

Because the sprays H and G are global tensors, using the coordinate transforma- 



tions 



1.1.2 on the 1-jet space E, it is easy to deduce the following |16| 



Theorem 1.2.1 To give a temporal (spatial) spray on E is equivalent to give a set 
of local functions H — (H^h) (resp. G = (G^^)) which transform by the rules 



(1.2.3) 

respectively 
(1.2.4) 



2H 



(fe) 
(i)i 



2H 



00 
(i)i 



dx k 



2G 



(fc) 
(i)i 



2G 



0) 
(i)i 



dx k 



dt dy k 

~ dt~dT' 

dx % dy k • 
dxJ dx % 



The previous theorem allows us to offer the following important examples of tem- 
poral and spatial sprays. The importance of these sprays comes from their using in 
the description of the local equations of harmonic maps between two semi-Riemannian 
manifolds j|. 

Example 1.2.1 Let h = (hn) (resp. tp — ((fij)) be a semi-Riemannian metric on R 
(resp. M) and H\ x (resp. jj k ) its Christoffel symbols. In this context, taking into 
account the transformation rules of the Christoffel symbols Hyy and 7* fc , we deduce 



(i) 

that the components 



-H l liy i (resp. 2G$ n 



lliV k V l ) 



represent a temporal 

(resp. spatial) spray which is called the canonical temporal (resp. spatial) spray as- 
sociated to the metric h (resp. if). 

Definition 1.2.2 A pair (H,G), which consists of a temporal spray and a spatial 
one, is called a time- dependent spray on J 1 (i?, M). 

Follwing the geometrical development of the classical rheonomic Lagrange mechan- 
ics, we introduce a natural generalization of the notion of path of a time-dependent 
spray, used in [pj. 

Definition 1.2.3 A curve c G C°°(R,M) is called a harmonic curve of the time- 
dependent spray (H,G) on J 1 (R,M), with respect to the semi-Riemannian temporal 
metric h = (hn(t)) on i?, if c is a solution of the DEs system of order two 



(1.2.5) 



,ii 



d 2 x l 
~dP 



0, 



where h ll hn = 1 and the curve c is locally expressed by R 3 t — > (x 1 ^))^— G M. 

Remarks 1.2.1 i) Under the coordinate transformations of J 1 (R,M), the left term 
of the equations 1.2.5 modifies like a d-tensor, that is, 



(1.2.6) 



df 2 



2G 



(0 
(i)i 



2H, 



i)i 



dx 1 
dxi 



d 2 ^ 
~~dW 



2G 



CO 
(i)i 



2H, 



(i) 
(i)i 



Consequently, the equations 1.2.5 are global on J 1 (R,M) = R x TM (i. c. 
geometrical invariance group is 1.1.2). 



their 
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ii) Comparatively, the equations of a path on RxTM (see pjj), that we generalized 
by 1.2.5, are invariant only under the gauge group [Tl^ . 



Example 1.2.2 Let us consider the canonical sprays asociated to the metrics h and 
ip, which are locally expressed by 



(1.2.7) 



H 



0) 
(i)i 



1 



G 



K) 1 £ i k 

(i)i = pikv'y- 



The equations of the harmonic curves attached to these sprays, with respect to the 
semi-Riemannian temporal metric h, reduce to 



(1.2.. 



dt 2 



i dx 1 ,. dx^ dx k 

H ii— + ^k—— 



dt 



dt dt 



0, 



that is, exactly the equations whose solutions are the well known classical harmonic 
maps between the semi-Riemannian manifolds (R, h) and (M, <p) [Q . Particularly, 
if we regard the temporal manifold R endowed with the euclidian metric h = S, 
we recover the classical equations of geodesies on the semi-Riemannian manifold M. 
These facts emphasize the naturalness of our previous definition. 



1.3 Nonlinear connections. Adapted bases. 

It is well known the importance of the nonlinear connections in the study of the 
geometry of a fibre bundle E. A nonlinear connection (i. e. a supplementary horizon- 
tal distribution of the vertical distribution of E) offers the possibility of construction 
of the vector or covector adapted bases. These allow to write, in a simple form, the 
geometrical objects or properties of the total space E. In this sense, considering the 
particular case E = J 1 (R, M), we proved in pa], 



is determined by a pair of local function sets an d -^(ijj which modify by the 



Theorem 1.3.1 A nonlinear connection T on the jet fibre bundle of order one E 
is determined by a i 
transformation laws 
, „ \ ,~,m dt . r (u\ dt dx J 

[ 6 ' "W*dx*- ^dtdx k da*' 

Definition 1.3.1 A set of local functions (resp. N$. .) on J 1 {R,M), which 



transform by the rules 1.3.1 (resp. 1.3.2) is called a temporal nonlinear connection 



(resp. spatial nonlinear connection) on E = J 1 (-R, M). 

Example 1.3.1 Studying the transformation rules of the local components 



(1.3.3) 



{1)1 — n llV 

*r(*) - v „ fc 
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where (resp. 7* fc ) are the Christoffel symbols of a temporal (resp. spatial) semi- 
Riemannian metric h (resp. tp), we conclude that To = (M$ v N$.j) represents a 
nonlinear connection on E, which is called the canonical nonlinear connection attached 
to the metric pair (h, ip). 



Taking into account the transformation laws 1.2.3, 1.2.4 and 1.3.1, 1.3.2. we deduce 
without difficulties that the notion of temporal (resp. spatial) spray is intimately 
connected to the notion of temporal (resp. spatial) nonlinear connection. 

Theorem 1.3.2 i) If M$.^ are the components of a temporal nonlinear connection, 
then the components 



(1.3.4) 

represent a temporal spray. 



H. 



1 



M, 



(0 



(1)1 - 2 (1)1 



ii) Conversely, if H>*L are the components of a temporal spray, then 



M, 



(i) 



2H, 



(1.3.5) J "(i)i — "-"(l)i 

are the components of a temporal nonlinear connection. 



Theorem 1.3.3 i) If GqL are the components of a spatial spray, then the compo- 
nents 

dG) 



(1.3.6) 



N, 



(i) 
(1)3 



r (l)l 



represent a spatial nonlinear connection. 



ii) Conversely, the spatial nonlinear connection N$. induces the spatial spray 



(1)3 



(1.3.7) 



2G<! = M 4) 



r (i)i 



"(1)3 



Remark 1.3.1 The previous theorems allow us to conclude that a time-dependent 
spray (H, G) induces naturally a nonlinear connection Y on E, which is called the 
canonical nonlinear connection associated to the time- dependent spray (H,G). We 
point out that the canonical nonlinear connection Y attached to the time-dependent 
spray [H, G) is a natural generalization of the canonical nonlinear connection iV in- 
duced by a time-dependent spray G from the classical rheonomic Lagrangian geometry 

[0- 

Let r = (Mz-J^iV/jQ .) be a nonlinear connection on the 1-jet fibre bundle E. Let 
us consider the geometrical objects, 



(1.3.. 



A - A _ wo-) A 

St dt ^dyi 



_5_ 

8x i 



d 

dx i 



N, 



(3) 
(1)< 



d 
dyi 



Sy l = dy l 



M^ n dt- 
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{$ S 5 1 
T") ~r~i r C ^(-E 1 ) and of cov- 
ot ox* ay 1 J 

ector fields {(it, da; 1 , Sy 1 } c are dual bases. 

{& S ^ "I 
T"j T^i "o — 7 r C A" (£7) and its dual basis 
ot ox 1 ay 1 J 

{dt, dx % , Sy 1 } C X*{E) are called the adapted bases on _E, determined by the non- 
linear connection T. 

The big advantage of the adapted bases is that the transformation laws of its 
elements are simple and natural. 

Proposition 1.3.4 The transformation laws of the elements of the adapted bases 
attached to the nonlinear connection T are 



(1.3.9) 



(1.3.10) 



s 


dt S 


Jt ~ 


' ~dt~5t 
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dx^ S 


5x l 


dx l Sxi 


d 


dx j dt S 


dy l 


dx z dt Syi 




dt - 


dt = 


= —dt 




dt 


dx i 










5y l 


dx i dt , 


~ dxP dt V ' 



Remark 1.3.2 The simple transformation rules 1.3.9 and 1.3.1C determine us to de- 
scribe the objects with geometrical and physical meaning from the subsequent rhco- 
nomic Lagrange theory of physical fields, in adapted components. 



1.4 T-linear connections 

In order to develope the theory of T-linear connections on the 1-jet space E, we 
need the following 

Proposition 1.4.1 i) The Lie algebra X(E) of vector fields decomposes as 

X(E) = X{H T ) © X{H M ) © X(V), 

where 

X(HT)=Span{-^y X(H M ) = Span^}, X{V) = Span j^j . 

ii) The Lie algebra X*(E) of covector fields decomposes as 
X*{E) = X*{H T ) © X*{TLm) © X*(V), 
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where 

X*{H T ) = Span{dt a }, X*{H M ) = Span{dx 1 }, X*(V) = Span^x^}. 

Let us consider Ht, Hm (horizontal) and v (vertical) as the canonical projections 
of the above decompositions. 

Definition 1.4.1 A linear connection V : X{E) x X(E) — > X(E) is called a T-linear 
connection on E if V/i<r = 0, Vhm = and Vw = 0. 

In order to describe in local terms a T-linear connection V on E, we need nine 
unique local components, 



which are locally defined by the relations 



v4 = 

^ St 


- Ql * 


v^ = 




V 6 — = 


r (k)(i) d 
" (i)Wi ay fe' 


5x3 Ot 






a Sx k ' 


ay 


_ r(fc)(l) 9 


By! dt 


_ /=»!(!) 5 




r fc(i) 6 


d 

V a — - 

o y i ay 1 


r (k)(l)(l) d 

~ °(i)(<)(i) ayfe 



Now, using the transformation laws 1.3.9 of the elements 



d_ 

6t ' fa 1 ' dy l 



together 



with the properties of the T-linear connection V, we obtain by computations 
Theorem 1.4.2 i) The coefficients of the T-linear connection V modify by the rules 
n dt (dt\ 



(h T ) 



(h M ) 



G iil7 - G n ( 17 ) + TTTa 



dt 



dt 



dx dx 3 dt 



dt 2 



11 ~ 31 dx m dx i dt 

r (k)W _ Mm)(l) 9x k Ox 3 dt 
b (l)Wl- U (l)(j)l^m Q x i dt 

l dx 3 
dx~> 
dx 



dt\ 2 d 2 t 



dt J dt 2 ' 



Ll3 W~ Ll 



13 da 



~ r dx p dx q d 2 x r 



pq dx 1 8x3 dx l dxi 



L (rn)(i) dx r _ £( r )(i) dx^dx^ ^ d 2 x r 



(i)Wj' dx m Mb)* dx* d& dx l dx 3 ' 
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^l(i) 



1W as* 



c 



fc(i) 
a) 



c 



3x fe ai p 5a; r dt 
p( r )~d& dx* dxi di 



s(l) 



= p(r)(i)(i) g^ 9x p dxi dt 

(mm (i)(p)(«) ^ d f 



mJ Conversely, to give a T '-line ar con nection V ok t/ie 1-jet space E is equivalent to 
give a set of nine local coefficients 1.4. 1 whose local transformations laws are described 
in i. 



The previous theorem allows us to offer an important example of T- linear connec- 
tion on J l (R,M). 

Example 1.4.1 Let tin (resp. cpij) be a semi-Riemannian metric on the temporal 
(resp. spatial) manifold R (resp. M) and Hyy (resp. 7^ ) its Christoffcl symbols. Let 



us consider L = (M^. V N^_L), where M^L = -R\ x y l ', = 7* fe 2/ fc , the canonical 

nonlinear connection on E attached to the metric pair (hu,ipij). Using the trans- 
formation rules of the Christoffel symbols, we deduce that the following set of local 
coefficients Q 

(1.4.2) u-r~ — rr<± n ^( fe )(i) n r& T ( k )W 

where 



r(0 



ET Q — (G^, 0, G^^ v 0,L i:j , 0,0), 

rrl /-i(*0(l) _ AfeW 1 
-"11' Wilful — "i-"!!) 



Lo-linear connection. This is called the Berwald To-linear connection of the metric 
pair (/in, ipij)- 



Note that a L-linear connection V on E, defined by the local coefficients |l .4. 1 



duces a natural linear connection on the d-tensors set of the jet fibre bundle J 1 (R, M) , 
in the following fashion. Starting with X G X(E) a d-vector field and a d-tensor field 
D locally expressed by 

d 



X = X 



1* 



X" 



St Sx m 
_5_ 

■ St " 5x i 

we introduce the covariant derivative 



X 



D 



(to) 

(i) a y > 
a 

■7: — r <g> 

oy 3 



dt <g> dx k <g> 8y l 



VxD = X 1 \7±D 

St 



XP\7 s 

7SP 



D 



D 



U(j)(l)... 

i*(i)(0-|p ' 



A (l)-^lfe(i)(0- 



1} \ 
p)J 



|( 



& ® Sx 1 



D = 



f v-l n liO')W- 

\ A -^ife(i)(;).../i 



a 

ay j 



dt ® dx fe ®5y l .. 



where 



ii(j)(i)... 
ifc(i)(0.../i 



-D 



lm(j)(l). 



<5L> 



liO)(l)- 

lfc(l)(z). 



G' 



lfe(l)(i)... ml 



St 
D 



D 



li(j)(l)- 
lfe(l)(/).. 



li(m)(l) 
lfc(l)(i).. 



^11" 



U (l)(m)l 



li(j)(l)- 



lfe(l)(i).. 



^11 



n li(j)(l)... 
^lm(l)(Q... *1 



n li(i)(l)... r (m)(l) 
U lk{l)(m)...^(l){l)l 
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(h 



D 



ii(i)(x)... 
ife(i)(0-b 



SD 



ife(i)(0- 



Sxp 



D 



ii(i)(i)- 
ifc(i)(i). 



-D 



lm(i)(l) 



lfc(l)(!)... ™ l P 
H(j)(l)- 



H(m)(l)... r (j)(l) 
lfc(l)(i)... 



l/c(l)(0... IP 



D 



lm(l)(I).. fcp 



"COW- 



(m)(l) 



lfc(l)(m)...^(l)(;)p 



D 



H0')(1) 

ifc(i)(0 



,(1) 

Kp) 



n(i)(i) 
ifc(i)(0 



C 



n lmU)(l)... r i(l) 
- U lk{l){l)... °m(p) 

n «W)(i)-rti(i) 
■^ife(i)(/)...°i( P ) 



9yP 

n l*(m)(l)... r ,(j')(l)(l) 

r ^ifc(i)(i)-. °(i)M(p) 



i(i) 
i(p)" 



The local operators " n 



n ii(i)(i)... 
^im(i)(/)...°fe(p) 

|(i) 



n li(j)(l)... r ,(m)(l)(l) 

^lfe(l)(m)...°(l)(/)(p) 



and "|( p j" are called the H ^-horizontal covariant 



derivative, Hm -horizontal covariant derivative and v -vertical covariant derivative of 
the T-linear connection V. 

The study of the torsion T and curvature R d-tensors of an arbitrary T-linear 
connection V was made in Jl8[ . In this context, we proved that the torsion 
d-tensor is determined by twelve effective local torsion d-tensors, while the curva- 
ture d-tensor of V is determined by eighteen local d-tensors. 



1.5 /i-Normal T-linear connections 

Let hn be a fixed pseudo-Riemannian metric on the temporal manifold R, H\± 



its Christoffel symbols and J 



J (i)ijW ( 



) dt <g> dx 3 , where J. 



(i) 

(l)lj 



h\\ 6j, the normal- 



ization d-tensor [ |L6| attached to the metric h\\. In order to reduce the big number of 
torsion and curvature d-tensors which characterize a general T-linear connection on 
E, we consider the following 

Definition 1.5.1 A T-linear connection V on E, defined by the local coefficients 



vi - ( i u 11 ,u 4l ,u (1)(i)1 ,^ li ,^ i , J L (1)W:) .,o 1(i) ,o i0 . ) ), 

- and VJ = 0, is called a 



that verify the relations G\ x = H\ x , L\j — 0, C^y) 
h-normal T-linear connection. 

Remark 1.5.1 Taking into account the local covariant /^-horizontal " /f 



horizontal "i^" and v- vertical ' 
V J = is equivalent to 



i(i), 
l(fe) 



covariant derivatives induced by V, the condition 



J, 



(i) 



= 0, 



J (l)lj|fc - U ' 



In this context, we can prove the following 



« i(i) _ 
(l)yl(fc) - 



0. 



Theorem 1.5.1 77ie coefficients of a h-normal T-linear connection V verify the iden- 
tities 

G\i = J ^xj = 0; 



(1.5.2) 



r 1(1) - n 
°i« ~ u ' 



Lr (x)(i)i ~~ "ii °t -"ii' (i)(»)i - i 



-WW 



r W!i)(i) _ ^fe(i) 
°(i)W(i) ~ °iCi) ■ 
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Proof. The first three relations come from the definiton of a /i-normal T-linear 
connection. 

The condition V J = implies locally that 



(1.5.3) 



huG l n + 5) 



dhu 

at 



hiiL 



jk 



huC^ 



(0(i)(i) _ 
(i)W(fc) ~ 



/inC. 



m 
j(fc)' 



where ffm = H^hn represent the Christoffel symbols of the first kind attached to 
the semi-Riemannian metric h\\. Contracting the above relations by h , one obtains 
the last three identities of the theorem. ■ 

Remarks 1.5.2 i) The preceding theorem implies that a /i-normal T- linear on E is 
determined just by four effective coefficients 



ii) Considering the particular case of the temporal metric h = 5, we remark that 
a 5-normal T-linear connection on J 1 (_R, M) is a natural generalization of the notion 
of TV-linear connection used in the 111]]. 

Example 1.5.1 Using the previous theorem, we deduce that the canonical Berwald 
r -linear connection associated to the metric pair (hn,(pij) is a /i-normal Tg-linear 
connection, defined by the local coefficients BT = (1/^,0,7^,0). 



1.6 d-Torsions and d-Curvatures 

The study of the torsion T and curvature R d-tensors of an arbitrary /i-normal T- 
linear connection V was made in Q . We proved there that the adapted components 
T^, 7y, Pufj an d -^mu °f the torsion d-tensor T of V vanish. Consequently, we 
obtain the following Jl5[ 

Theorem 1.6.1 TTie torsion d-tensor T o/ i/ie h-normal T -linearconnection V is 
determined by eight local d-tensors 



(1.6.1) 









V 


HtItit 











llMh-T 









huhu 





ii 


p(™) 

"(Dij 


vKt 








P (TO) (1) 

(1)1 (i) 


vflM 





p m(l) 
^i(i) 


p(m) (1) 


vv 








cr(m)(l)(l) 
D (l)(i)(i) 



where 



P, 



,„o (i) _ 9M (iTi 



(i)iO) 



9yJ 



(m) (1) _ 



9iV, 



(m) 
(l)t 



(l)i(j) 



9^ 
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p(m) _ _ (i)j R W _ (i)» _ (i)j c( m )(i)(i) _ r ,m< - ' — n m { > 



J ii ~ u ji' J y" ~ ^ii' ~ ' 

Remark 1.6.1 For the Berwald To-linear connection associated to the metrics hu 
and <y9y , all torsion d-tensors vanish, except Rqa^ = r iji x ^ where (resp. r™ ; ) are the 
curvature tensors of the metric ifij . 

In the same context, following the paper |l5), we deduce that the number of the 
effective adapted components of the curvature d-tensor R of an /i-normal T-linear 
connection V is five. 



Theorem 1.6.2 The curvature d-tensor R of V is determined by the following ef- 
fective local d-curvatures 



(1.6.2) 





hx 


h M 


V 


hxhx 











huhr 







o(0(i) Ri 







R ijk 


R (0(i) _ pi 

a (l)(i)jk ~ U ijk 


vhx 





pi (1) 

ll(fc) 


p(0(i) (i) P ' (i) 
r (i)WKM ~ *i(fe) 


vhu 





pi (1) 
r ij(k) 


p(/)(i) (i) _ pi (i) 
^MMiM ~ y(fc) 


vv 





c'(l)(l) 


o(0(l)(l)(l) _ c'(l)(l) 



where 



nl _ fiLjk i nm T I rmril . /tK 1 ) K>(m) 

~ ~£^fc Jj~ + U il^mk ~ Hk U ml + U i( m ) U (l)lk> 

pi _ ^ij fiLjk i T m T l _ jmrl , p(m) 

pi (1) _ _ ^(1) , ^i(l) p(m) (1) 

^il(fc) ~ £)yfc °»(fe)/l °i(m)- r (l)l(fc) ' 

pi (1) = °^i 3 _ c l(\) c l(l) p (ra) (1) 



«(*0 a y fe ^ ^»(m) J (l)j(fc) ' 

>i(l)(l) _ »0) _ '(fe) , ^(1)^/(1) _ r rn(l) r l{l) 
iUKk)~ Q y k Q y j ttJ i(j} °m(fc) U i(fc) °m(j)- 



Remark 1.6.2 In the case of the Berwald To-linear connection associated to the 
metric pair (hn,(pij), all curvature d-tensors vanish, except R\j k = rL fc , where r\^ k 
are the curvature tensors of the metric ipij . 
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2 Relativistic rheonomic Lagrange geometry 



2.1 Some aspects of classical rheonomic Lagrange geometry 

A lot of geometrical models in Mechanics, Physics or Biology are based on the 
notion of ordinary Lagrangian. Thus, the concept of Lagrange space which generalizes 
that of Finsler space was introduced. In order to geometrize the fundamental concept 
in mechanics, that of Lagrangian, we recall that a Lagrange space L n — (M, L(x, y)) 
is defined as a pair which consists of a real, smooth, n-dimensional manifold M and 
a regular Lagrangian L : TM — > R, not necessarily homogenous with respect to the 
direction (y l ) i= Y^- The differential geometry of Lagrange spaces is now considerably 
developped and used in various fields to study natural process where the dependence 
on position, velocity or momentum is involved Also, the geometry of Lagrange 
spaces gives a model for both the gravitational and electromagnetic field, in a very 
natural blending of the geometrical structure of the space with the characteristic 
properties of these physical fields. 

At the same time, there are many problems in Physics and Variational calculus 
in which time dependent Lagrangians (i. e., a smooth real function on R x TM) 
are involved. A geometrization of a such time dependent Lagrangian is sketched 
in Jll) . This is called the "Rheonomic Lagrange Geometry". On the one hand, it is 
remarkable that this geometrical model is the house of the development of the classical 
rheonomic Lagrangian mechanics. On the other hand, from our point of view, this 
time dependent Lagrangian geometrization has an important inconvenience that we 
will describe. 

In the context exposed in the book pj| , the energy action functional £ , attached 
to a given time dependent Lagrangian, 

L : R x TM -> R, (t : x\y l ) -> L(t,x\y l ), 

not necessarily homogenous with respect to the direction {y % ) i= — , is of the form 

(2.1.1) 8(c) = [ L(t,x l (t),x l (t)) dt, 



where [a, b] C R, and c : [a, 6] — ► M is a smooth curve, locally expressed by t — > 
and having the velocity x = (x l (t)). It is obvious that the non-homogeneity of the 
Lagrangian L, regarded as a smooth function on the product manifold R x TM, 
implies that the energy action functional £ is dependent of the parametrizations of 
every curve c. In order to remove this difficulty, the authors regard the space R x TM 
like a fibre bundle over M. In this context, the geometrical invariance group of RxTM 
is given by |1.1.4 In other words, to remove the parametrization dependence of £ , 
they ignore the temporal repametrizations on R x TM. Naturally, in these conditions, 
their energy functional becomes a well defined one, but their approach stands out by 
the "absolute" character of the time t. 

In our geometrical approach, we try to remove this inconvenience. For that reason 
we regard the space R x TM = J 1 (R,M) like a fibre bundle over R x M. The 



gauge group of this bundle of configurations is given by 1.1.2. Consequently, our 



gauge group does not ignore the temporal reparametrizations, hence, it stands out 
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by the relativistic character of the time t. In these conditions, using a given semi- 
Ricmannian metric h\\{t) on i?, we construct the more general and natural energy 
action functional, setting 



(2.1.2) £(c)=/ L(t, x i (t), x l (t))-\/j7n7| dt. 

J a 

Obviously, £ is well defined and is independent of the curve parametrizations. 

In conclusion, we consider that the difficulty arised in the classical rheonomic 
geometry, comes from a puzzling utilization of the notion of Lagrangian. From this 
point of view, we point out that, in our geometrical development, we use the distinct 
notions: 

i) time dependent Lagrangian function — A smooth function on J : (i?, M); 

ii) time dependent Lagrangian (Olver's terminology) — A local function C on 
J X (R, M), which transforms by the rule C — C\dt/dt\. If L is a Lagrangian func- 
tion on 1-jet fibre bundle, then C = LyJ\hn\ represents a Lagrangian on J 1 (i?, M). 

Finally, we point out that the geometrization attached to a time-dependent La- 
grangian function that we will construct, can be called "Relativistic Rheonomic La- 
grange Geometry". From our point of view, this geometry becomes a natural instru- 
ment in the development of the relativistic rheonomic Lagrangian mechanics. 



2.2 Relativistic rheonomic Lagrange spaces 

In order to develope our time-dependent Lagrange geometry, we start the study 
considering L : E — > R a smooth Lagrangian function on E = J 1 (R,M), which 
is locally expressed by E 3 (t,x l ,y l ) — ► L(t,x l ,y l ) e R. The vertical fundamental 
metrical d-tensor of L is defined by 

(9 9U r (i)(i) _ 1 d 2 L 

Let h = (/in) be a semi-Riemannian metric on the temporal manifold R. 

Definition 2.2.1 A Lagrangian function L : E — > R whose vertical fundamental 
metrical d-tensor is of the form 

(2.2.2) G<g$(t,x k ,y k ) = h 11 (t)g lJ (t 7 x k ,y k ), 

where gij(t,x k ,y k ) is a d-tensor on E, symmetric, of rank n and having a constant 
signature on E, is called a Kronecker h-regular Lagrangian function, with respect to 
the temporal semi-Riemannian metric h — (ftn). 
In this context, we can introduce the following 

Definition 2.2.2 A pair RL n = {^{R, M), L), where n = dimM, which con- 
sists of the 1-jet fibre bundle and a Kronecker /i-regular Lagrangian function 
L : J X (T, M) — > R is called a relativistic rheonomic Lagrange space. 

Remark 2.2.1 In our geometrization of the time-dependent Lagrangian function L 
that we will construct, all entities with geometrical or physical meaning will be di- 
rectly arised from the vertical fundamental metrical d-tensor G^jj} ■ This fact points 
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out the metrical character (see and the naturalness of the subsequent relativistic 
rheonomic Lagrangian geometry. 

Examples 2.2.1 i) Suppose that the spatial manifold M is also endowed with a 
semi-Riemannian metric g = {gij(x)). Then, the time dependent Lagrangian func- 
tion Li : -^(R, M) -> R defined by 

(2.2.3) L 1 = h 11 (t)g ij (x)y i yi 

is a Kronecker ft-regular time dependent Lagrangian function. Consequently, the pair 
RL n = (J 1 (R, M), L\) is a relativistic rheonomic Lagrange space. We underline that 
the Lagrangian C\ = Lxy/\hxx\ is exactly the energy Lagrangian whose extremals are 
the harmonic maps between the semi-Riemannian manifolds (R, h) and (M, g) . At 
the same time, this Lagrangian is a basic object in the physical theory of bosonic 
strings. 

ii) In above notations, taking U$ {t, x) as a d-tensor field on E and F : Rx M — > R 
a smooth map, the more general Lagrangian function L2 : E — > R defined by 

(2.2.4) L 2 = h ll {t) 9ij (x)y l yi + U$ (t, x)tf + F(t, x) 

is also a Kronecker /i-regular Lagrangian. The relativistic rheonomic Lagrange space 
RL n — (J 1 (R, M), L2) is called the autonomous relativistic rheonomic Lagrange space 
of electrodynamics because, in the particular case hxi — 1, we recover the classical 
Lagrangian space of electrodynamics which governs the movement law of a particle 
placed concomitantly into a gravitational field and an electromagnetic one. From a 
physical point of view, the semi-Riemannian metric hn(t) (resp. gij(x)) represents 

the gravitational potentials of the space R (resp. M), the d-tensor £/£9 (t, x) stands for 
the electromagnetic potentials and F is a function which is called potential function. 
The non-dynamical character of spatial gravitational potentials gij(x) motivates us 
to use the term of "autonomous". 

iii) More general, if we consider g^it^x) a d-tensor field on E, symmetric, of 
rank n and having a constant signature on E, we can define the Kronecker /i-regular 
Lagrangian function L 3 : E — > R, setting 

(2.2.5) L 3 = ^"(^■(t.xJj/V' +U$(t,x)y i + F(t,x). 

The pair RL n — (J 1 {R,M) 1 L 3 ) is a relativistic rheonomic Lagrange space which is 
called the non- autonomous relativistic rheonomic Lagrange space of electrodynamics. 
Physically, we remark that the gravitational potentials gij(t, x) of the spatial manifold 
M are dependent of the temporal coordinate t, emphasizing their dynamic character. 

2.3 Canonical nonlinear connection 

Let us consider h — (hxx) & fixed semi-Riemannian metric on R and a rheonomic 
Lagrange space RL n = (J 1 (R,M),L), where L is a Kronecker h- regular Lagrangian 
function. Let [a, b] C R be a compact interval in the temporal manifold R. In this 
context, we can define the energy action functional of RL n , setting 

,& 

e:C°°{R,M)^R, £(c)= L(t,x\y % )^\dt, 
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dx l 

where the smooth curve c is locally expressed by (t) — > (x l (t)) and y l = — — . 

The extremals of the energy functional £ verifies the Euler-Lagrange equations 



(2.3.1) 2G 



( i )( i)dV d 2 L dx? dL d 2 L 



dL 



rH^=0, Vi = l,n, 



WW) ^2 ^ a^'dy* di fe 1 <9i<9i/ dy* 

where 7?^ are the Christoffel symbols of the semi-Riemannian metric h\\. 

Taking into account the Kronecker /i-regularity of the Lagrangian function L, 
it is possible to rearrange the Euler-Lagrange equations 2.3.1 of the Lagrangian 
C = LyJ\h\, in the Poisson form |p^| 



(2.3.2) 
where 

(2.3.3) 



A h x k + 2G k (t,x m ,y m ) = 0, V A; =l,n, 



A h x k = h L 



d 2 x k 
~dt 2 ~ 

)2 , 



H 



2Q k =°-{^y> 
2 \dx3dy* y 



1 dx k 

dL 

dx % 



dx r ' 



dt ' 



(r) / (r) 

Theorem 2.3.1 Denoting GnL = h\\Q T ' , the geometrical object G = [GmL) is a 
spatial spray on the 1-jet space E. 

Proof. By a direct calculation, we deduce that the local geometrical entities of the 
1-jet space ^{R, M) 

d 2 L , dL 



2S k = »— 



dxi dy 



V 



dx l 



(2.3.4) 



m U 9 kl / d 2 L dL 
n ~ 2 \dtdy* dt 11 

2J k = h n H± iy i 



verify the following transformation rules 



(2.3.5) 



dx r 

~ dr p 
2H P = 2H r ^- 

dx r 



7 7 
±yJ 



dx l dt dxi 
^dxPdtdy 1 
'dx T dt~dt 



2jP^ 2 J r —-h 11 — -^. 

dx r dx l dt dt 

Consequently, the local entities 2Q P = 2S P + 2W + 2J P modify by the transformation 
laws 

M r . n da?dx r . 



(2.3.6) 



2Q r = 2Q V 



dxP 



h LL^__JJ_~j _ 

d& dx p 



Hence, multiplying the relation 2.3.6 by hn and regarding the equations 1.2.4 
obtain what we were looking for. ■ 



Taking into account the harmonic curve equations 1.2.5 of a time-dependent spray 
on E, we can give the following natural geometrical interpretation of the Euler- 
Lagrange equations 2.3.2] attached to the Lagrangian C: 
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Theorem 2.3.2 The extremals of the energy functional attached to a Kronecker 
h-regular Lagrangian function L on J 1 (i?, M) are harmonic curves of the time- 
dependent spray (H,G), with respect to the semi-Riemannian metric h, defined by 
the temporal components 



(2.3.7) 

and the local spatial components 



(2.3.8) Gg, = 



d 2 L 
dx^dy 



-V 



dL 

dx k 



Definition 2.3.1 The time-dependent spray (H,G) constructed from the previous 
theorem is called the canonical time- dependent spray attached to the relativistic rheo- 
nomic Lagrange space RL n . 

Remark 2.3.1 In the particular case of an autonomous electrodynamics relativistic 
rheonomic Lagrange space (i. e., gij(t, x k ,y k ) — gij(x . )), the canonical spatial spray 
G is given by the components 



(2.3.9) 



U (l)3 V 



dU, 



(1) a T7i 

dt +u (l) H ^ dx l 



where = 



dU. 



(i) 



dxi dx % 

In the sequel, using the theorems 1.3.2 and 1 .3.3) , we obtain the following 



Theorem 2.3.3 The pair of local functions T — (M^L, Nn\j)> which consists of the 
temporal components 
(2.3.10) V/"'' t 21! 



(i)i 



and the spatial components 
(2.3.11) 



(ib 



(0 
(i)i 

dG 



-Hhy\ 



(i)i 



dy> 



where and Gv^L are the components of the canonical time- dependent spray of 

RL n , represents a nonlinear connection on J 1 (R, M). 



Definition 2.3.2 The nonlinear connection L 



(MaJL, JV/jl.) from the preceding 
theorem is called the canonical nonlinear connection of the relativistic rheonomic 
Lagrange space RL n . 

Remark 2.3.2 i) In the case of an autonomous electrodynamics relativistic rheonomic 
Lagrange space (i. e., gij(t,x k ,y k ) = gij(x k )), the canonical nonlinear connection 
becomes T = (M^L, Jvjjl.), where 



(2.3.12) 



M (i) - -H 1 



fe Hg _ rr(l) 
4 ° (k)j- 
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2.4 Cartan canonical metrical connection 

The main theorem of this paper is the theorem of existence of the Cartan canon- 
ical h-normal linear connection CT which allow the subsequent development of the 
relativistic rheonomic Lagrangian geometry of physical fields, which will be exposed 
in the next Sections. 

Theorem 2.4.1 (of existence and uniqueness of Cartan canonical connection) 

On the relativistic rheonomic Lagrange space RL n = (^{R.M)^) endowed with its 

canonical nonlinear connection V there is a unique h-normal I '-linear connection 

cr = (-ffn , G^j ,Lj k , Cjfy ) 

having the metrical properties 

i)9ij\k = 0, ffy|(fe)=0> 

,■„•) r k - gkl ^iM T k _ T k r i(i) _ r t(i) 



2 St ' ij ji ' J'( fe ) fe W 

■k T i /^H 1 ) ^ 
jl^jk^j(k)J 



Proof. Let CT = (Gin, G^, L l - k , C l -}X) be a h-normal T-linear connection whose 



gki fig . . 

coefficients are defined by = = '-^r^r^-, an d 

^ ox 



t _ g'"' ( og jm | og km og jk 



Jk 2 V 5x k 5xi Sx 
(2.4.1) . V 

c i(i) _ 9^_ ( dgjm dg km _ dg jk 

j(k) - 2 \dy k dyi dy m 

By computations, one easily verifies that CT satisfies the conditions i and ii. 



~ l 



Conversely, let us consider CT = (G u , Gj ly L % - k , C 1 ^) a h-normal T-linear con- 
nection which satisfies i and ii. It follows directly that 

4=^, andG* 1 = ^^. 
The condition g^\ k = is equivalent with 

_ fm , fm 

- g mj ^ ik + gtva^ jk - 

Applying a Christoffel process to the indices {i,j, k}, we find 
fi _ 9 %m ( $9jm . Sgkm 5g jk 

L : I, — 



jk 2 V 5x k 5x3 5x r 

By analogy, using the relations G^l = C % k }\ and <7ij|(^ = 0, following a Christoffel 
process applied to the indices {i,j, k}, we obtain 

^i(i) _ 3^ ( dgj m dg km _ dg jk 



j(k) 2 V dy k dyi dy n 
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In conclusion, the uniqueness of the Cartan canonical connection CT is clear. ■ 



Remarks 2.4.1 i) Replacing the canonical nonlinear connection V by a general one, 
the previous theorem holds good. 

ii) As a rule, the Cartan canonical connection of a relativistic rheonomic Lagrange 
space RL n verifies also the properties 



(2.4.2) 



frii/i = h X i\k = h n\fk) = and g ij/x = 



iii) Particularly, the coefficients of the Cartan connection of an autonomous rela- 
tivistic rheonomic Lagrange space of electrodynamics (i. e., gij(t,x k ,y k ) — gij{x k )) 
arc the same with those of the Berwald connection, namely, CP = (H^, 0, 7j fc , 0). 
Note that the Cartan connection is a P-linear connection, where L is the canonical 
nonlinear connection of the relativistic rheonomic Lagrangian space while the Berwald 
connection is a Lo-linear connection, To being the canonical nonlinear connection asso- 
ciated to the metric pair (hn,gij). Consequently, the Cartan and Berwald connections 
are distinct. 

iv) The torsion d-tensor T of the Cartan canonical connection of a relativistic rheo- 
nomic Lagrange space is determined by only six local components, because the proper- 
ties of the Cartan canonical connection imply the relations T™ = and ^myvfc) = 0- 
At the same time, we point out that the number of the curvature local d-tensors of 
the Cartan canonical connection not reduces. In conclusion, the curvature d-tensor 
R of the Cartan canonical connection is determined by five effective local d-tensors. 
Their expressions was described in Section 1. 

Definition 2.4.1 The torsion and curvature d-tensors of the Cartan canonical con- 
nection of an RL n are called the torsion and curvature of RL n . 

By a direct calculation, we obtain 

Theorem 2.4.2 i) All torsion d-tensors of an autonomous relativistic rheonomic 
Lagrange space of electrodynamics vanish, except 



(2.4.3) 



r>(™) _ 



hug 



mk 



dU, 



(k)j 



R 



(m) 



r ijkV + , 



(1) 

(k)j 



dt 



U (k)i\j + U (k)j\i 



where r™ k are the curvature tensors of the semi-Riemannian metric gij . 

ii) All curvature d-tensors of an autonomous relativistic rheonomic Lagrange space 
of electrodynamics vanish, except R\- k = r\j k . 



3 Relativistic rheonomic Lagrangian electromag- 
net ism 
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3.1 Electromagnetic field 

Let us consider RL n — (J 1 (-R, M), L) a relativistic rheonomic Lagrange space and 
T = (M^^iV^w) its canonical nonlinear connection. At the same time, we denote 

CT = (Hli, G k 1: L k j, CfAV) the Cartan canonical connection of RL". 

13 ■ d 

Using the canonical Liouville d-tcnsor field C= y 1 -^—, we can introduce the de- 

dy l 

flection d-tensors 



(3.1.1) £>§i = v}v D< S)^y\r 



(i)0) ~ y CO' 



where 



)J 11 11 11 
/I > |j 



and 



»i(i)„ 



are the local covariant derivatives induced by CT. 



By a direct calculation, we find 



Proposition 3.1.1 The deflection d-tensors of the rheonomic Lagrange space RL n 
have the expressions 

9 lk Sg k 



(3.1.2) 



D 



D 



(0 
(1)1 

(i) 
(1)J 



km m 

y 1 



st 



jyW 1 j 1 „.m 



Remark 3.1.1 For an autonomous relativistic rheonomic Lagrange space of electro- 
dynamics (i. e., gij — gij(x k )), the deflection d-tensors reduce to 



(3.1.3) 



^(1)1 - U, 



-4.9 nii^( fcW . 



z (i)0) 



Using the vertical fundamental metrical d-tensor G^)^} — h 1Y gij of the relativistic 
rheonomic Lagrange space RL n we construct the metrical deflection d-tensors, 



(3.1.4) 



(i) . 

m ~ 
(i) _ 

(i)3 ~ 
7 (1)(1) 



D 



D 



^(iKk) (1)1 ^ 
r (l)(l) D (fe) _,. , 

_ n(l)(l)j(l=)(l] 
" U W(fe) a (l)(i) 



,(1) 



where yi = G^)j\}y k = h 11 gn : y k . Using the expressions 3.1.2 of the deflection d- 
tensors, it follows 

Proposition 3.1.2 The metrical deflection d-tensors of the relativistic rheonomic 
Lagrange space RL n are given by the formulas 



D 



(i) 
(i)i 



,11 



$9im m 

st y ' 



(3.1.5) 



< = ^9 
- h 11 



ik 



-N, 



( fe ) 1 rk ,.n 

(l)j + L 3mV 



£f« + 9tkC m(j) y 



19 



Remark 3.1.2 In the particular case of an autonomous relativistic rhconomic La- 
grange space of electrodynamics (i. e., gij = gij(x k )), we have 



(3.1.6) 



0)i 



0, D 



(i) 



4°W 



d (i)(i) 



h 11 g i3 . 



In order to construct the relativistic rheonomic Lagrangian theory of electromag- 
netism, we introduce the following 

Definition 3.1.1 The distinguished 2-form on E = J X {R,M) 
(3.1.7) TP — X-i a a J- _i_ t WW; 



F = Fft.Sy* A dx* + f^Sy 1 A 5y\ 



where 
(3.1.8) 



t (i)3 



D 



(i) 



D 



(i) 



AW) 

him 



j(i)(i) j(i)(i) 



*(0Cj) 



*Ci)W 



is called the electromagnetic d-form of the relativistic rheonomic Lagrange space i£L™. 

Using the above definition, by a direct calculation, we obtain 
Proposition 3.1.3 The expressions of the electromagnetic components 
h 11 



(3.1.9) 



hold good. 



F, 



(i) 



(i)0 
f(l)(l 



2 

: 



9jkL lm )y r ' 



Remark 3.1.3 We emphasize that, in the particular case of an autonomous rela- 
tivistic rheonomic Lagrange space (i. e. g^ = gij(x k j), the electromagnetic local 
components get the following form 



(3.1.10) 



f (i)(i) 



1 



u {1) 



u (1) 



0. 



3.2 Maxwell equations 

The main result of the electromagnetic relativistic rhconomic Lagrangian geom- 
etry is the following 

Theorem 3.2.1 The electromagnetic local components of a relativistic rheo- 

nomic Lagrange space RL n = {^(R^M)^) are governed by the Maxwell equations 



r (i)k/l - 2 ^{iM 



1 



{d {1) 



\k 



D 



(i) 
(*)" 



(i)(i) R ( 



{i,j,k} 



J-lk T" «(j)( TO )-"-( 



rn) _ \ T p 
l)lfe L^lilfe 



2 J (i)(!)(m)"(l)ii! 
{i,j,fe} 



w/ierew - G (1)(1) u« an( iC (1)(1)(1) - G {m) C q{1) - 
wnere y p — <^ (v)(Q) y ana ^ (i)(l)(m) — <j U.-/„i — 



a 3 L 



r (Z)(<?) ^i(m) 



2 dy l dy l dy r 



20 



Proof. Firstly, we point out that the Ricci identities |18j applied to the spatial 
metrical d-tensor gij imply that the following curvature d-tensor identities 

Rmilk ~i~ Riralk O5 Rrnijk Rirnjk 0; P> rnij(k) ^mj(fc) ^' 

where R milk = g lp R p mlk , R mijk = g lp R P mjk and P miJ ( $ = 9w p m3 (k)' are true - 
Now, let us consider the following general deflection d-tensor identities 

(p) n(P) _„,mE>P n{p) rp m j(p)(!) n( m ) 



^(l)l|fe (l)fe/l ~~ y n mlk ^(l)m J lfe "(l)(m) rt (l)lfc' 

da) ... - . = ., - d^^i^?.. , 

' (i)fcb m i™ (i)( m ) (i)jfc 

j \ n (p) 1(1) _j(p)(i) -„™p p W _ nW r m{1 ^ _,/OXi) p(™) C 1 ) 

fl 3j ^(l)jl(fc) a (l)(k)\j-y r mj{k) ^(l)mS(fc) a (l)(m)^(l)i(fc) ■ 

Contracting these deflection d-tensor identities by an d using the above curva- 

ture d-tensor equalities, we obtain the following metrical deflection d-tensors identi- 
ties: 

Jl \ fit 1 ) r\W — _->, RIB _ ni 1 ) rpm _ j(1)(p) p( m ) 

"2J ^(i)j\k (i)k\j ~ y™- n i 3 k a (i)(rn) rL (l)jk' 

j/\ n (l) |(1) _ j(1)(1) _ _„ p™ (1) _ n (l) ^"'(1) _ pN (1) 

ffl s; -^(i)ji(fe) a w(fc)ii - v™^i (k) u (i)m u jw a w(m)^(i)i(/c) ■ 

At the same time, we recall that the following Bianchi identities [|l5| 
h) A {m {R l jlk + Tl j{k + C^ )R M .} = 0j 

where A{j tk y means alternate sum and j k } means cyclic sum, hold good. 

In order to obtain the first Maxwell identity, we permute i and k in d[ and we 
subtract the new identity from the initial one. Finally, using the Bianchi identity b\, 
we obtain what we were looking for. 

Doing a cyclic sum by the indices {i, j, k} in d' 2 and using the Bianchi identity &2, 
it follows the second Maxwell equation. 

Applying a Christoffel process to the indices {i,j, k} id d' 3 and combining with 
the Bianchi identity 63 and the relation PmjM = P (V}p(j) ' we & e t a new identity. 
The cyclic sum by the indices {i,j, k} applied to this last identity implies the third 
Maxwell equation. ■ 

Remark 3.2.1 In the case of an autonomous relativistic rheonomic Lagrange space 
of electrodynamics (i. e., — gij(x k )) 1 the Maxwell equations take the simple form 

(3-2.1) F$ k/1 = \A {iM h"g im R^ k , £ F^ k = 0, £ = 0. 

{i,jM {i,j,k} 



21 



4 Relativistic rheonomic Lagrangian gravitational 
theory 



4.1 Gravitational field 

Let h = (/in) be a fixed semi-Riemannian metric on the temporal manifold R 
and r = (mQ^nQj) a fixed nonlinear connection on the 1-jet space J 1 (i?, M). In 
order to develope a relativistic rheonomic Lagrange theory of gravitational field on 
J 1 (R, M), we introduce the following 

Definition 4.1.1 From physical point of view, an adapted metrical d-tensor G on 
M), expressed locally by 

G = h\idt ®dt-\- gijdx 1 <S> dx j + h 11 g i j8y' 1 (g> 5y 3 , 

where g^ = gij(t 7 x k ,y k ) is a d-tensor on J 1 (i?, M), symmetric, of rank n = dimM 
and having a constant signature on E, is called a gravitational h-potential on E. 

Now, taking RL n = (J 1 (i?, M), L) a relativistic rheonomic Lagrange space, via 
its vertical fundamental metrical d-tensor 

and its canonical nonlinear connection T = (M^\ v N$,j), one induces a natural 
gravitational /i-potential on J 1 (i?, M), setting 

(4.1.1) G = hudt ®dt + gijdx 1 ® dx° + h 11 g ij Sy i O Sy j . 



4.2 Einstein equations and conservation laws 

Let us consider CT = (H^, G^, L*- fe , C^]) the Cartan canonical connection of 
the relativistic rheonomic Lagrange space i?L". 

We postulate that the Einstein equations which govern the gravitational h- 
potential G of the relativistic rheonomic Lagrange space RL n are the Einstein equa- 
tions attached to the Cartan canonical connection of RL n and the adapted metric G 
on J X (R,M), that is, 

(4.2.1) Ric(CT) - Sc ^ T ) q = /CT; 

where Ric(CT) represents the Ricci d-tensor of the Cartan connection, Sc(CT) is its 
scalar curvature, K, is the Einstein constant and T is an intrinsec tensor of matter 
which is called the stress-energy d-tensor. 

( S S d \ 

In the adapted basis (Xa) = I — , ^r— , I, the curvature d-tensor R of the 
v ; \5t 8x l dy l J 

Cartan connection is expressed locally by TL(Xc, Xb)Xa = R^ bc Xd- Hence, it 

follows that we have R AB = Ric(CT)(X A , X B ) = R% D and Sc(CT) = G AB R AB , 
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where 



(4.2.2) 



G 



AB 



/ill, 


for 


A 


9 ij , 


for 


A 




for 


A 



0. 



1,5 = 1 



(0 



B 



U) 
(i) 



otherwise. 



Taking into account the expressions of the local curvature d-tensors of the Cartan 
connection and the form of the vertical fundamental metrical d-tensor G AB , we deduce 



Proposition 4.2.1 The Ricci d-tensor of the Cartan canonical connection of RL n 
is determined by the following six effective local Ricci d-tensors, 

D n _ot tt _ ttI _ n p nm p _ nm p (1) TlOt p (1) _ p m (1) 

•Kll - -Hll - - U, Hn - U ilm , Kij - K ijm , K i( j) - - -^ im ^ , 

(i) not (i) _ m (i) (i) not (i) _ m (l) p (i)(i) not „(!)(!) _ q m(l)(l) 

Consequently, denoting H — h u Hu, R = g 1 ^ Rij and S — hug^S^^, we 
obtain 

Proposition 4.2.2 The scalar curvature of the Cartan canonical connection of RL n 
has the expression 

(4.2.3) ' Sc(C)=H + R + S = R + S. 

Remark 4.2.1 In the particular case of an autonomous relativistic rheonomic La- 
grange space of electrodynamics (i. e., gij — gij(x k )), all Ricci d-tensors vanish, except 
Rij — rij, where are the Ricci tensors associated to the semi-Riemannian metric 
gij. It follows that the scalar curvatures of a such space are H — 0, R — r, 5 = 0, 
where H and r are the scalar curvatures of the semi-Riemannian metrics tin and g^. 

Using the above results, we can establish the following 

Theorem 4.2.3 The Einstein equations which govern the gravitational h-potential 
G induced by the Kronecker h-regular Lagrangian function of a relativistic rheonomic 
Lagrange space RL n , have the form 

-hn — On 



(Ei) 



(E 2 ) 



2 

_R + S_ 

ri-ij 2 9ij — i^J-ij 

(1)(1) R+S n _ (!)(!) 



= T U , R il =K% 1 , Pg> = /C7$> 
i(») ' ' (i)j' 
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where Tab, A,B G ^ } are i/ie adapted local components of the stress-energy 

d-tensor T . 

Remark 4.2.2 i) Note that, in order to have the compatibility of the Einstein equa- 
tions, it is necessary that the certain adapted local components of the stress-energy 
d-tensor vanish "a priori". 

ii) In the particular case of an autonomous relativistic rheonomic Lagrange space 
of electrodynamics (i. e., g^ = gij(x k )), using preceding notations, the following 
Einstein equations of gravitational field, 



(Ei) 



~2 h 9ij 



K% 



(i)(i) 



(0(3) 



(E2) 



= T u , 

- r (1) 



= T a , 

o - r (1) 



- r (1) 
- r (1) 



hold good. 

It is well known that, from physical point of view, the stress-energy d-tensor 
T must verifies the local conservation laws T^ B = 0, V A 6 j^}, where 

T* = G BD T DA . 

Theorem 4.2.4 In f/ie relativistic rheonomic Lagrangian geometry, the conservation 
laws of the Einstein equations are 



(4.2.4) 



R + S 



Rf- 



/1 

+ 5 



— nm _ p(m)|(l) 

— • fl l|m ^(1)1 l(m) 



2 ST 



I m 



_ _p(m),(l) 
- ^(l)jl(m) 



,(m)(l) 



2 3 



wftere i?i = g im R m i, P, 
p iW imp (i) ondS W'J 



(i)0) 



(i) 

(m) 



(1)1 



(m)l' 

(1)(1) 



-p 



m(l) 
C3)|r 



(i) 

(ro)j' 
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